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Structural variations between cytotoxicity experiments

• Conduct same concentration-response experiment on different days [1]
• Fit for each experimental day a non-linear regressionmodel, e.g.

𝜂(𝑥, 𝜃) = 𝜃0 +
𝜃1𝑥ℎ

𝜃ℎ2 + 𝑥ℎ
[2]
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Fig. 1: Same cytotoxicity experiment performed on two experimental days indicating different response values regarding
alert concentration ÊC

(1)
50 (concentration corresponding to 50% reduction of upper 100% viability)

Non-linear regressionmodel for two experimental days

1. Use non-linear regression to model cytotoxicity data for two experimental days

𝑌 (𝑘)
𝑖𝑗 = 𝜂(𝑥(𝑘)𝑖 , 𝜃(𝑘)) + 𝜀(𝑘)𝑖𝑗 , 𝑖 = 1,… , 𝑙(𝑘), 𝑗 = 1,…𝑛(𝑘)𝑖 , 𝑘 = 1, 2

•𝑥(𝑘)𝑖 ∈ 𝒳 = [0, 𝑥max] ⊂ ℝ design space
• 𝜂 known regression function
• 𝜃(𝑘) ∈ ℝ𝑞 unknown parameter vector
• 𝜀(𝑘)𝑖𝑗 ∼ 𝑁(0, 𝜎2) independent, overall same variance

•𝑛(𝑘) = ∑𝑙(𝑘)
𝑖=1 𝑛

(𝑘)
𝑖 measurements per day, 𝑛 = 𝑛(1) + 𝑛(2) total

2. Derive asymptotic distribution of (joint) maximum likelihood estimator (MLE):

• Individual asymptotics: √𝑛(𝑘) ( ̂𝜃(𝑘) − 𝜃(𝑘))
𝐷
→ 𝑁𝑞 (0,𝑀−1(𝜉(𝑘), 𝜃(𝑘))) , 𝑘 = 1, 2

𝜉(𝑘) = ( 𝑥
(𝑘)
1 … 𝑥(𝑘)𝑙(𝑘)

𝜔(𝑘)1 … 𝜔(𝑘)𝑙(𝑘)
) ,𝑀(𝜉(𝑘), 𝜃(𝑘)) = 1

𝜎2
𝑙(𝑘)

∑
𝑖=1

1
𝜔(𝑘)𝑖

(
𝜕𝜂 (𝜉(𝑘), 𝜃(𝑘))

𝜕𝜃(𝑘)
) (

𝜕𝜂 (𝜉(𝑘), 𝜃(𝑘))
𝜕𝜃(𝑘)

)
⊤

• For MLE ̂𝜃 = ( ̂𝜃(1), ̂𝜃(2))𝑇 of 𝜃 = (𝜃(1), 𝜃(2))𝑇, 𝜆(𝑘) = lim
𝑛→∞

𝑛(𝑘)
𝑛 , 𝜉 = (𝜉(1), 𝜉(2))⊤:

√𝑛( ̂𝜃 − 𝜃)
𝐷
→ 𝑁2𝑞(0,𝑀−1(𝜉, 𝜃))with

𝑀−1(𝜉, 𝜃) =(
1
𝜆(1)
𝑀−1 (𝜉(1), 𝜃(1)) 0

0 1
𝜆(2)
𝑀−1 (𝜉(2), 𝜃(2))

)

Nested function to detect structural variations
1. Idea: Determine the alert concentration of one experimental day using the inverse
regression function ÊC

(1)
50 = 𝜂−1 (50, ̂𝜃(1)). Evaluate the viability of the second experi-

mental day at this concentration with the regression function 𝜂 (see Figure 1)
2. Derive the asymptotic distribution of 𝑓 ( ̂𝜃(1), ̂𝜃(2)) = 𝜂 (𝜂−1 (50, ̂𝜃(1)) , ̂𝜃(2)) with

̂𝜃(1), ̂𝜃(2) MLE as plug-in estimators and withΔ- method [3]

√𝑛 (𝑓( ̂𝜃) − 𝑓(𝜃))
𝐷
→ 𝑁(0, ( 𝜕𝜕𝜃𝑓(𝜃))

⊤
𝑀−1(𝜉, 𝜃) ( 𝜕𝜕𝜃𝑓(𝜃))) (1)

3. Construct testing procedure to decide for systematic or non-systematic difference:
•𝐻0 ∶ 𝜃 ∈ Θ0, Θ0 = {(𝜃(1), 𝜃(2))⊤ ∈ ℝ2𝑞, 𝑓(𝜃(1), 𝜃(2)) = 50}
•𝐻1 ∶ 𝜃 ∈ Θ1, Θ1 = {(𝜃(1), 𝜃(2))⊤ ∈ ℝ2𝑞, 𝑓(𝜃(1), 𝜃(2)) ≠ 50}
• Use (1) to construct asymptotic confidence interval (CI):

𝑓( ̂𝜃) ±
𝑞1−𝛼

2

√𝑛 √
( 𝜕𝜕𝜃𝑓(

̂𝜃))
⊤
𝑀−1(𝜉, ̂𝜃) ( 𝜕𝜕𝜃𝑓(

̂𝜃))

• Reject𝐻0 if true value 𝑓(𝜃) = 50 is not contained in CI

Illustration of testing procedure
Simulation Setup

•𝑁𝑆𝑖𝑚 = 10000, 𝜀 ∼ 𝑁(0, 14.868972)
• The same6 concentrations are used for both
experimental days with 𝑛(1)𝑖 = 𝑛(2)𝑖 = 30,
𝑖 = 1,… , 6:
{0.000, 1.229, 5.432, 9.334, 21.54, 46.4}
• Under𝐻0 ∶ 𝜃(1) = 𝜃(2) = (0, 100, 6.5, 1)⊤

→ simulation shows rejection rate of 5.39%,
significance level of testingprocedure reached
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Fig. 2: Color-coded CIs of𝑓( ̂𝜃) under𝐻0

Using testing procedure with different designs
Design Concentrations
Bayesiana 0.000 1.2290 5.432 9.334 21.54 46.4
IfADo 0.000 0.0100 0.100 1.000 10.00 46.4
log_eq 0.000 0.0464 0.464 2.154 4.64 46.4
𝜔𝑖 1/6 1/6 1/6 1/6 1/6 1/6
Table 1: Overview of considered approximate designs, see [1]

Simulation Setup

•𝑁𝑆𝑖𝑚 = 10000, 𝜀 ∼ 𝑁(0, 14.868972)
• Same designs for both days, see Table 1
• Increasing 𝑛(1)𝑖 = 𝑛(2)𝑖 ∈ {3, 6,… , 30, 33}
• Used 𝜃(1) = 𝜃(2) = (0, 100, 6.5, 1)⊤(𝐻0)
• Used 𝜃(1) = (0, 100, 6.5, 1)⊤,

𝜃(2) = (0, 100, 12.5, 1)⊤(𝐻1)

Results
• Under 𝐻0∶ for Bayesian and IfADo over-
all significance level reached, log-eq design
shows higher values than expected 5%
• Under 𝐻1∶ Increasing power with increas-
ing sample size, Bayesian design overall has
highest power even for e.g. 𝑛(1)𝑖 = 𝑛(2)𝑖 = 6
abased on D-optimality criterion, see [1]
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Fig. 3: Comparison of the number of rejected test statistics
under𝐻0 for increasing sample sizes for different designs
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Fig. 4: Comparison of the number of rejected test statistics
under𝐻1 for increasing sample sizes for different designs

Suitable optimality criterion

• Find optimal design 𝜉∗ which maximises the power of testing procedure

• Power is proportional to 𝑝(𝜉, 𝜃) = (( 𝜕𝜕𝜃𝑓(𝜃))
⊤
𝑀−1(𝜉, 𝜃) ( 𝜕𝜕𝜃𝑓(𝜃)))

−1

for 𝜃 ∈ Θ1

• Optimal design: 𝜉∗ is called optimal design for detecting structural variations ∶⇔
𝜉∗ = argmax

𝜉∈Ξ
min
𝜃∈Θ̃1

𝑝(𝜉, 𝜃), where Θ̃1 ⊂ Θ1

• For fixed 𝜃(1), 𝜃(2) ∈ ℝ𝑞 with 𝜃(1) ≠ 𝜃(2) set Θ̃1 = {(𝜃(1), 𝜃(2))}, the equivalence theo-
rem holds: 𝜉∗ = (𝜉(1)∗, 𝜉(2)∗)⊤ is optimal for detecting structural variations in Θ̃1 ∶⇔

(
2
∑
𝑘=1

( 𝜕
𝜕𝜃(𝑘)

𝑓(𝜃))
⊤ 1
𝜆(𝑘)

𝑀−1(𝜉(𝑘)∗, 𝜃(𝑘)) ( 𝜕𝜕𝜃𝜂(𝑥
(𝑘), 𝜃(𝑘))))

2

≤ 𝑝−1(𝜉∗, 𝜃)

for all 𝑥 = (𝑥(1), 𝑥(2))⊤ ∈ 𝒳2

Criterion values in simulation setup

Calculate 𝑝(𝜉, 𝜃) for all designs of Table 1:

Let Θ̃1 = {(𝜃(1), 𝜃(2))}with 𝜃(1) = (0, 100, 6.5, 1)⊤, 𝜃(2) = (0, 100, 12.5, 1)⊤:
𝑝(𝜉Bayesian, 𝜃) = 103.97 ⋅ 10−3 𝑝(𝜉IfADo, 𝜃) = 46.12 ⋅ 10−3 𝑝(𝜉log_eq, 𝜃) = 24.47 ⋅ 10−3

Conclusion and Outlook
• Parametric testing procedure for structural variations works fine
→ Extension to other alert concentrations andmultiple days possible
• Choice of design impacts the power of the testing procedure
→ Next step: Calculate optimal design
• Equivalence theorem can be used to verify optimality
→ Next step: Extension to more complex Θ̃1 andmultiple days
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